This paper presents an energetically derived control methodology to specify and regulate the frequency and amplitude of oscillatory motion of a pneumatic actuation system. A lossless horizontal pneumatic actuation system with an inertia is energetically shown to represent an oscillator with a stiffness, and hence frequency, related to the equilibrium pressures in the actuator. Following from an analysis of the conservative energy storage elements in the system, a control methodology is derived to sustain a specified frequency and amplitude of oscillation in the presence of energy dissipation. The control strategy takes advantage of the natural passive dynamics of the system to provide much of the required actuation forces, while the remaining forces needed to overcome the energy dissipation present in a non-ideal system with losses are provided by a nonlinear control law for the charging and discharging of the actuator. This control methodology is demonstrated experimentally to provide accurate and repeatable frequency and amplitude control of oscillation in the presence of dissipative forces. Finally, the energetic analysis of the horizontal pneumatic system is extended to the vertical case where gravity is present. This extension provides an energetically efficient hopping control methodology for pneumatically actuated robots.
INTRODUCTION
The goal of this work is to design a control methodology that takes advantage of the passive dynamics of pneumatic actuation that will result in energetically efficient oscillatory motion when dissipation is present. Recent work [1] on high energy-density monopropellant power supply and actuation systems for untethered robotics motivates an energetically savvy approach to the control of such systems with application to legged robots. The basic control strategy will be to control the pressure in one side of a pneumatic actuator to specify the frequency, while controlling the pressure in the opposite side to maintain the correct amplitude of oscillation.
Raibert was a pioneer in legged robot locomotion research. He first presented a three-part controller for a hopping robot [2] . Additional work was also carried out on hopping [3] or quadruped robots [4] . His research was mainly on 3D motions of electrically actuated robots. For an electrically actuated robot, if no active force control is implemented to effectively absorb the energy during contact, oscillations and even instability can occur. For example, joint acceleration feedback was used to control the contact transition of a three-link directdrive robot [5] . Aiming at control and energetics, a monopod running robot with hip and leg compliance was controlled by taking advantage of the "passive dynamic" operation close to the desired motion without any actuation [6] . 95% hip actuation energy saving was shown at 3 m/s running speed. This idea is similar to the approach taken here, except here the compliance and hence passive dynamics will be specified by the compressibility of gas in a pneumatic actuator.
Suffering from highly nonlinear dynamics, varying environment conditions and frequent phase transitions between free space and constrained motions, legged robot researchers generally face the challenge of motion planning and control in real time simultaneously. Changing interactions with the environment present extreme challenges for such systems. Looking to nature, the compliance of tendons show great advantages for interaction tasks such as legged locomotion. Series elastic actuators have been applied to walking robot applications [7] . A hopping robot "Kenken" with an articulated leg and two hydraulic actuators as muscles and a tensile spring as a tendon was studied, although stability problems remained for higher speeds [8] . Mckibben artificial muscles were used for a hopping robot to pursue higher power-to-weight ratio [9] . The end-effects of the McKibben actuators limited their application. A dynamic walking biped "Lucy" actuated by pneumatic artificial muscles was investigated out in Brussel [10] . Although artificial muscles can be used as actuators for legged robots and provide high power-to-weight ratio and shock absorption, they have yet to be used to directly drive a legged robot due to their tensile-only force generation.
Pneumatic actuators can be used directly as legs to drive a legged robot, which provide much higher power-to-weight ratio than their electrically actuated competitors. A small sixlegged pneumatic walking robot named Boadicea was designed using customized lightweight pneumatic actuators and solenoid valves [11] . The performance clearly showed high force and power density, which means that the robot can walk faster with larger payloads. Other advantages such as energy storage, and natural compliance for shock absorption, provide latitude for stable and energy efficient controller design with pneumatically actuated system. The absorbed energy can be stored as the internal energy of compressed air and can be released again when the hopper is in flight. Fast gaits are generated for the control of a pneumatically actuated robot in [12] . The control system generates the desired trajectories on line and generates proper control inputs to achieve the desired trajectories. An energy-based Lyapunov function was chosen to generate the controlled limit cycles. This is similar to the approach taken here, except that this work will generate a desired velocity based on the current position and direction of motion. The compliance of pneumatic actuators has been proven to be of great importance when a robot interacts with unknown environment perturbations [13] .
The paper is organized as follows. In section 2, it is energetically shown that a lossless pneumatic actuation system is an oscillator. Section 3 develops an energetically-based control strategy to regulate the frequency and amplitude of oscillation in the presence of losses. Section 4 presents experimental results of a controlled horizontal pneumatic oscillator. Section 5 extends the analysis and control to the presence of gravity for a vertically oriented pneumatic actuator meant to hop. Conclusions are drawn in section 6.
THE HORIZONTAL PNEUMATIC OSCILLATOR
The conservative energy stored in a simple mass-spring linear oscillator can be expressed as:
Taking the time rate of change of this expression and setting it equal to zero,
yields not only the equation of motion of the system, but also reveals that the work rate, or power, injected into the system is zero. The resulting equation of motion necessary to keep the conservative energy constant, and the solution
both reveal a direct relationship between acceleration and position. From a root locus stability standpoint, this relationship results in the system having a complex conjugate pole pair on the imaginary axis (marginally stable) and is thereby subject to sustained oscillations. A similar energetic analysis of the linearly actuated pneumatic system shown in Figure 1 also reveals an oscillatory system with a frequency of oscillation dependent upon system parameters. The kinetic and potential energy terms for a leakless, adiabatic, frictionless piston-mass system are given as: 
where V represents the volume of chamber a or b,
represents the cross sectional area of the piston rod, and the potential energy of each chamber of the actuator is derived as the ability of the pressure in the chamber, or , to do work adiabatically with respect to an environment at atmospheric pressure with the ratio of specific heats
The final term, is a term similar to a gravitational potential energy term and defines a datum .
Akin to the analysis for the simple mass-spring system, the time rate of change of conservative energy storage is taken and set to zero:
Substituting the following adiabatic relationships into the equation of motion, and defining equilibrium pressures: , and volumes: , at ,
results in:
The pneumatic system therefore shows a direct relationship between acceleration and position. Although nonlinear, the second term of Equation (8) is similar to kx of the linear oscillator. 
as a function of its dependent variable x. This shows that the nonlinear stiffness due to the compressibility present in a pneumatic system is a hardening spring. Further, it can also be seen that all potential energy terms in Equation (3) are a function solely of position, and therefore represent true pathindependent conservative energy potentials. Substitutions of Equations (5) and (6) , show these position-dependent potentials:
Finally, given that the stiffness of the pneumatic system increases as and increase, the frequency of oscillation is dependent upon these system parameters (in addition to being amplitude-dependent as determined by the total conservative energy in the system). Simple dynamic simulations of the system verify this claim. 
THE CONTROLLED HORIZONTAL PNEUMATIC OSCILLATOR
In practice, pneumatic system is subject to non-ideal energetic losses including friction, leakage and heat losses. The goal of this section is to control the pneumatic system to oscillate using two three-way proportional valves in order to inject energy to account for energetic losses in the system. The control strategy is to exploit the natural resonate dynamics of the pneumatic piston-mass system. Furthermore, it is desirable to be able to specify and then regulate the natural frequency and the amplitude of oscillation.
One imaginable control approach would be to create a time dependent position trajectory from a simulation of the ideal lossless system and then create a controller to have the controlled system follow this desired trajectory. This however would not take full advantage of the natural dynamics which can be presented by the system to help achieve this task in an energetically savvy manner. The strategy taken here will be to use the energy equation to derive the desired velocity as a function of position. As will be seen, this will present a method of specifying both the frequency and amplitude of oscillation. In addition, this method will provide a straightforward extension to hopping in a vertically oriented pneumatic system. A model of the pneumatic system in Figure 1 is given by the following equations:
Expressions for the time rates of change of the pressures can be derived from the following constitutive relations for each control volume associated with side a and side b:
This system contains two inputs, and which can be specified arbitrarily by two three-way proportional valves. The strategy for controlling the frequency and amplitude of oscillation while taking advantage of the natural dynamics of the pneumatic system will be twofold. First, the pressure in chamber a will be controlled to track the pressure necessary to specify a desired PEa(x) as a function of position. This desired potential in side a will be specified by selecting a particular value for in equation (9) . From the previous discussion, it is known that the natural frequency of the lossless pneumatic resonator scales in proportion to this equilibrium pressure. Second, the amplitude of oscillation will be influenced by controlling the mass flow rate in and out of side b such that the position dependent desired velocity is tracked. 
Frequency Control
The frequency of an oscillator is of course related to the rate of transfer of energy between the kinetic and potential energy storage terms. As previously stated, the frequency of the pneumatic oscillatory system is increased by an increase in the equilibrium pressures of the system. For side a, we wish to drive the following error to zero with a specified error dynamic:
Substituting in (18) for , and its idealized form with
results in the following control law, where is approximated to be room temperature.
flowa T

Amplitude Control
It is additionally desired to maintain a certain quantity of conservative energy such that a specified amplitude of oscillation is maintained. Having established that the potential energies are a function of position, the following expression can be written for the desired kinetic energy as a function of position, the current direction of travel, and the desired quantity of conservative energy .
From this, a position-dependent velocity can be defined:
Note that this position-based desired velocity also depends on the sign of the current velocity. Based on a force balance,
, and relationships (5, 6, 7) the desired acceleration can be expressed as a function of position,
As will be seen, the desired jerk is required as a feedforward term in the control law:
A simple nonlinear control law to track the desired positiondependent velocity using valve b can be derived as follows:
Substitution of Equation (20) 
where is again approximated to be room temperature.
flowb T
Selection of Parameters
The selection of two parameters is required to specify the frequency and amplitude of oscillation. The amplitude of oscillation is governed by the total amount of conservative energy desired to be in the system. The frequency of amplitude is indirectly specified via , knowing that the frequency will scale in proportion to this value. The desired amplitude of oscillation can then be used to determine the desired energy by substituting , ( 1 1 ) ( This desired energy and equilibrium pressure is then used to determine the desired velocity, acceleration and jerk schedules as given in Equations (27), (28) and (29). 
EXPERIMENTAL RESULTS -HORIZONTAL CASE
The experimental setup is shown in Figure 3 . The pneumatic actuator is a small Bimba cylinder with a stroke length of 10 inches, piston diameter 0.39 inches and piston rod diameter of 1/8 inch. A linear potentiometer (Midori LP-150F) with 150 mm maximum travel is used to measure the linear position of the cylinder and cart/mass. The velocity was obtained from position by utilizing a differentiating filter with a 20 dB roll-off at 100 Hz. The acceleration signal was obtained from the velocity signal with a differentiating filter with a 20 dB roll-off at 30 Hz. Given the range of desired frequencies of operation, these differentiating filters added negligible phase lag. Two four-way proportional valves (Festo MPYE-5-1/8-LF-010-B) are attached to the chambers, but they were configured to function as two three-way valves. Two pressure transducers (Festo SDE-16-10V/20mA) are attached to each cylinder chamber, respectively. Control is provided by a Pentium 4 computer with an A/D card (National Instruments PCI-6031E), which controls the two proportional valves through two analog output channels. The payload is about 5.7 kg. Figure 5 shows the resulting controlled position. It should be noted that the amplitude of oscillation and period of oscillation were very regular. Additionally, when the system was subject to an external disturbance, such as letting the piston rod slide between two pinched fingers, the amplitude and frequency of oscillation remained quite accurate with higher resulting commanded mass flow rates to compensate for the energy dissipation caused by the disturbance. Figure 6 shows the mass flow rates for chambers a and b according to the control laws (25) and (36). It should be noted that the mass flow rate from control law (25) was only executed for positive mass flow rates given the leakage present in the system. It should also be noted that the transformation from desired mass flow rate to orifice area of the valve is simply algebraic. This transformation results from standard choked and unchoked compressible flow equations through an orifice, and in the interests of brevity is not shown here. Figure 7 shows the desired and actual velocity, while Figure 8 shows the pressures in chamber a and b. It is interesting to note that the control laws inject mass into each chamber during the part of the stoke where that chamber has a smaller volume. This verifies the notion that the control laws act to increase or decrease the potential energy of each chamber with knowledge of what effect and when such energy storage will be converted into work. This is a consequence of the energetic approach to the control of the system taken. 
EXTENSION TO THE VERTICAL CASE AND HOPPING
This section presents an extension to a vertical, gravity influenced configuration as shown in Figure 9 . This extension will hold generically while the system remains in contact with the ground. Once the system leaves the ground, the energy expression will not represent all of the conservative energy storage elements of the system. However, in order to extend to the case where ground contact is lost (and regained, implying hopping), it will be sufficient to control the energy storage only during contact. The strategy is to therefore control the actuator only while it is in contact with the ground, and seal off the actuator while in flight (both mass flow rates equal zero). Since it is known that the energy of the system when leaving and recontacting with the ground will be identical except for losses, controlling the energy profile while in contact will serve to compensate for the energy dissipation the system undergoes during both contact and flight. While in contact, the conservative energy storage elements are identical to those of the horizontal case, with the addition of a gravitational potential energy term Mgx: This results in only slightly modified desired velocity and acceleration profiles, and an identical jerk profile, as the horizontal case:
where
The form of the control laws for each mass flow rate during contact are then identical to those for the horizontal case. The mass flow rates are held to zero while contact with the ground is broken:
The parameter is selected to adjust the frequency of recovery during contact. The amplitude of contraction and resulting desired conservative energy is selected in a manner similar to that for the horizontal oscillator. Selecting the desired amplitude of where , is then found from the energy expression (38) with and and set as ( 1 1 ) ( 
The ground model is approximated as a very stiff spring and damping: Figure 9 shows the position response of the system. Hopping is present as evidenced by the piston position y becoming nonzero. It should also be noted although the minimal compressed position x of the larger mass reaches the desired value of 60 mm, the extension position achieved during flight does not reach a symmetric value of 60 mm. Given that the energy expression is only valid and regulated during contact, and that the control of the system is only activated during contact, it is not surprising that this is the case. Figure 10 shows the velocity tracking where, again, this is only achieved or expected during contact. Figure 11 shows the resulting pressures in the two sides of the cylinder.
CONCLUSIONS
This paper presents the design of a "natural" pneumatic oscillator that exploits the passive dynamics of the system to achieve a desired frequency and amplitude of oscillation. Frequency is indirectly specified by an equilibrium pressure, while the amplitude is specified directly. Desired pressure as a function of position is then generated for one chamber of the actuator and tracked to regulate the frequency. Desired velocity, acceleration and jerk is scheduled as a function of position and then tracked using the pressure of the other side of the actuator to regulate the amplitude. In both cases, the position dependent desired behavior ensures that the passive dynamics of the system are energetically exploited to achieve the desired motion. Finally, the method was extended to the case of a hopping system where control is activated only during contact. During flight, the energy of the system is stored and returned as additional gravitational energy. Given that the control methodology is position based, variations in flight time or disturbances during flight will not affect the degree to which the passive dynamics are beneficially exploited. 
